RECURSIVE UNSOLVABILITY OF A PROBLEM OF THUE

This paper contains the first unsolvability proof for a prob-
lem from classical mathematics - in this case the word prob-
lem for semigroups. The algebraically minded reader will
readily hote that what Post calls a Thue system determines a
homomorphism on the free semigroup with the appropriate
generators. Post thus constructs a particular semigroup for
which itis recursively unsolvable to determine whether a given
pair of elements of the free semigroup are mapped onto the
same element by the homomorphism.

An independent proof of this result was given by A. A. Mar-
kov (C.R. (Doklady) Acad. Sci. U.S.S.R. (n.s.) 55(1947),pp.
583-586.)

The appendix to this paper has already been mentioned in
the editorial remarks on p. 115 preceding Turing’s paper, “On
Computable Numbers, with an Application to the Entscheidungs-
problem”.
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start operating on a tape previously marked. From Turing’s frequent references
to the beginning of the tape, and the way his universal computing machine
treats motion left, we gather that, unlike our tape, this tape is a one-way infinite
affair going right from an initial square.

Primarily as a matter of practice, Turing makes his machines satisfy the
following convention. Starting with the first square, alternate squares are
called F-squares, the rest, E-squares. In its action the machine then never
directs motion left when it is scanning the initial square, never orders the erasure,
or change, of a symbol on an F-square, never orders the printing of a symbol
on a blank F-square if the previous F-square is blank and, in the case of a
computing machine, never orders the printing of 0 or 1 on an E-square. This
convention is very useful in practice. However the actual performance, de-
scribed below, of the universal computing machine, coupled with Turing’s
proof of the second of the two theorems referred to above, strongly suggests that
Turing makes this convention part of the definition of an arbitrary machine. We
shall distinguish between a Turing machine and a Turing convention-machine.

By a uniform method of representation, Turing represents the set of instruc-
tions, corresponding to our quadruple‘ts,12 which determine the behavior of a
machine by a single string on seven letters called the standard description (S.D)
of the machine. With the letters replaced by numerals, the S.D of a machine is
considered the arabic representation of a positive integer called the description
number (D.N) of the machine. If our critique is correct, a machine is said to be
circle-free if it is a Turing computing convention-machine which prints an infinite
aumber of 0’s and 1’s® And the two theorems of Turing’s in question are
really the following. There is no Turing convention-machine which, when
supplied with an arbitrary positive integer n, will determine whether » 13 the
D.N of a Turing computing convention-machine that is circle-free. There is no
Turing convention-machine which, when supplied with an arbitrary positive

integer n, will determine whether 7 is the D.N of a Turing computing conven-
. 14

tion-machine that ever prints a given symbol (0 say)
In view of [8], these “no machine” results are no doubt equivalent to the re-

12 Qur quadruplets are quintuplets in the Turing development. That is, where our
standard instruction orders either a printing (overprinting) or motion, left or right, Tur-
ing’s standard instruction always orders a printing and a motion, right, left, or nomne.
Turing's method has certain technical advantages, but complicates theory by introducing
an irrelevant ‘“‘printing”’ of a symbol each time that symbol is merely passed over.

1 «Genuinely prints,” that is, a genuine printing being a printing in an empty square.
See the previous footnote.

u Tyring in each case refers to the S.D of a machine being supplied. But the proof of
the first theorem, and the second theorem depends on the first, shows that it is really a
positive integer n that is supplied. Turing’s proof of the second theorem is unusual in
that while it uses the unsolvability result of the first theorem, it does not “reduce’ [4]
the problem of the first theorem to that of the second. In fact, the first problem is almost
surely of “‘higher degree of unsolvability’’ [4] than the second, in which case it could not be
«reduced’”’ to the second. Despite appearances, that second unsolvability proof, like the
first, is a reductio ad absurdum proof based on the definition of unsolvability, at the conclu-
sion of which, the first result is used.
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convention we introduce the convention that the instructions defining the ma-
chine never order the printing of a 0 or 1 except when the scanned square is
empty, or 0, 1 respectively, and never order the erasure of a 0 or 1, Turing’s
arguments again can be carried through. And this “(0, 1) convention,” being
recursive, allows the application to the problem of Thue to be made.”* Note
that if a machine is in fact a Turing convention-machine, we could strike out any
direction thereof which contradicts the (0, 1) convention without altering the
behavior of the machine, and thus obtain a (0, 1) convention-machine. But
a (0, 1) convention-machine need not satisfy the Turing convention. However,
by replacing each internal-configuration g; of a machine by a pair ¢;, ¢/ to
correspond to the scanned square being an F- or an E-square respectively,
and modifying printing on an F-square to include testing the preceding F-square
for being blank, we can obtain a “(g, ¢’) convention” which is again recursive,
and usable both for Turing’s arguments and the problem of Thue, and has the
property of, in a sense, being equivalent to the Turing convention. That is,
every (g, ¢') convention-machine is a Turing convention-machine, while the
directions of every Turing convention-machine can be recursively modified to
yield a (g, ¢’) convention-machine whose operation yields the same time sequence
and spatial arrangement of printings and erasures as does the given machine,
except for reprintings of the same symbol in a given square.

These changes in the Turing convention, while preserving the general outline
of Turing’s development and at the same admitting of the application to the
problem of Thue, would at least require a complete redoing of the formal work
of the proof of the second Turing theorem. On the other hand, very little
added formal work would be required if the following changes are made in the
Turing argument itself, though there would still remain the need of extending
the equivalence proof of [8] to the concept of unsolvability. By using the above
result on the performance of the universal computing machine when applied
to the S.D of an arbitrary machine, we see that Turing’s proof of his first theo-
rem, whatever the formal counterpart thereof is, yields the following theorem.
There is no Turing convention-machine which, when supplied with an arbitrary
positive integer n, will determine whether n is the D.N of an arbitrary Turing
machine that prints 0’s and 1’s in empty squares infinitely often. Now given
an arbitrary positive integer n, if that n is the D.N of a Turing machine 9N,
apply the universal computing machine to the S.D of 9N to obtain a machine
ON*.  Since DN* satisfies the Turing convention, whatever Turing’s formal proof
of his second theorem is, it will be usable intact in the present proof, and, via
the new form of his first theorem, will yield the following usable result. There
'is no machine which, when supplied with an arbitrary positive integer n, will

18 So far as recursiveness is concerned, the distinction between the Turing convention
and the (0, 1) convention is that the former concerns the history of the machine in action,
the latter only the instructions defining the machine. Likewise, despite appearances,
the later (g, ¢’) convention.
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